We study the electroacoustic properties of aluminum scandium nitride crystals Al1−xScxN with the metastable wurtzite structure by means of first-principles calculations based on density functional theory. We extract the material property data relevant for electroacoustic device design, namely the full tensors of elastic and piezoelectric constants. Atomistic models were constructed and analyzed for a variety of Sc concentrations 0 ≤ x ≤ 50%. The functional dependence of the material properties on the scandium concentration was extracted by fitting the data obtained from an averaging procedure for different disordered atomic configurations. We give an explanation of the observed elastic softening and the extraordinary increase in piezoelectric response as function of Sc content in terms of an element specific analysis of bond lengths and bond angles.
I. INTRODUCTION
Metastable aluminum scandium nitride (denoted by Al 1−x Sc x N or (Al,Sc)N in the following) with the wurtzite-type crystal structure belongs to the class of polar-piezoelectric materials. It can be synthesized up to approximately x ≃ 0.41 by reactive DC or RF magnetron sputtering and is known to have outstanding electroacoustic properties, surpassing reported values for all other group-III nitrides. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] The electroacoustic properties of (Al,Sc)N depend strongly on the Sc concentration, which offers an additional degree of freedom for adjusting, e.g., the phase velocity and electromechanical coupling in the design of resonator devices. 11, 12 Experimentally, elastic and piezoelectric tensor components have been acquired from acoustic resonance experiments [1] [2] [3] [4] [5] or Brillouin scattering 6-8 on (Al,Sc)N thin films with usually low Sc concentrations. Recently, the full set of electroacoustic properties was determined experimentally from Al 1−x Sc x N thin films in a large range of compositions, 0 ≤ x ≤ 0.32, from the same material source using Rayleigh-type waves in SAW resonators. 5 The elastic and piezoelectric properties of (Al,Sc)N have also been obtained theoretically by means of density functional theory. [13] [14] [15] [16] However, the quantitative computation of material properties of randomly disordered alloys remains a difficult and time consuming task and raises principal conceptual questions.
We present here a comprehensive study of the electroacoustic properties of aluminum scandium nitride. The full set of material property data relevant for electroacoustic device design, namely the full tensors of elastic and piezoelectric constants, are computed by means of atomistic simulations based on density functional theory (DFT). A combinatorial approach is chosen which includes a large number of structure models and allows for a statistical analysis of the microscopic structural parameters, namely bond lengths and bond angles. This analysis gives insight into the microscopic origin of the observed highly non-linear dependence of the most relevant elastic and piezoelectric constants as function of Sc content.
The paper is divided into three major sections that present and discuss the results for the structural parameters (Sec. III), the elastic tensor (Sec. IV), and the piezoelectric tensor (Sec. V) of Al 1−x Sc x N. A summary is given in Sec. VI.
II. METHODOLOGY

A. Modelling of disorder
Mixed crystals and random alloys are characterized by two (or more) atomic species sharing the same (sub)lattice without giving rise to long range order. The modelling using density functional theory (DFT) simulations of bulk materials requires the use of supercells containing a limited number of atoms (typically from a few tens to a few hundreds) in combination with periodic boundary conditions. Therefore, every structure model of finite size will be biased by the choice of the specific disorder representation. One possibility to address this problem is to construct specific model structures with as many atoms as possible (limited by computational resources) for which site occupation correlations are minimized. Such representative structure models are referred to as special quasirandom structures (SQS). 17 Note that although a purely random distribution of the different elements on the lattice is often assumed for these systems this choice is not unique and in general there is the possibility of short range correlations.
Typeset by REVT E X The advantage of the SQS approach is that it reduces the propensity of artifacts generated by a special (e.g. highly symmetric) local atomic environment. The drawback is the need of rather big supercells. Often only a single SQS model is examined as being representative for a specific atomic composition ratio. A second possibility to model mixed crystals is to take a combinatorial approach and to study the large variety of different realizations belonging to the same chemical composition and to extract physical properties by an appropriate averaging procedure. Here, the variation in the physical property of interest may be traced back to specific local atomic environments. This opens up the possibility of gaining a deeper understanding of the interplay of structural elements and material properties. In this work we take the second approach.
In order to model the (Al,Sc)N alloy with random distribution of Al and Sc atoms on the metal sublattice we use various supercell representations with varying Sc content. It is necessary to find a good compromise for the choice of the supercell models regarding the following three aspects. (i) A reasonable number of representative structure models for each Sc content are required in order to account for the influence of different local atomic configurations and to obtain a reasonable statistics with respect to the local atomic environments considered. (ii) The supercell size should be large enough to avoid serious finite size effects. (iii) The supercell size should be small enough to keep the computational resources for a precise evaluation of the material parameters at a tractable level. We have therefore chosen supercell models which contain 36 atoms in order to adequately address the above mentioned three points (see Sec. III).
B. Computational settings
The calculation of elastic and piezoelectric constants was carried out using the PWscf code of the Quantum Espresso (QE) software package 18,19 using the GGA-PBE functional for exchange-correlation. The wave functions of the valence electrons are represented by a plane-waves basis set with a cutoff energy of 55 Ry (1 Rydberg = 13,606 eV), and the electron density and effective Kohn-Sham potential by discrete Fourier series with a cutoff energy of 440 Ry. The interactions of valence electrons with the atomic nuclei and core electrons are described by pseudopotentials taken from the open-source Standard Solid State Pseudopotentials (SSSP) library. 20, 21 Here, ultrasoft pseudopotentials are chosen for N and Sc, while the pseudopotential for Al is of PAW type. Brillouin-zone integrals for the 36-atoms supercells are evaluated on a Monkhorst-Pack mesh of 3x3x6 k-points with a Gaussian smearing of 0.01 Ry. The convergence threshold was set to 10 −5 Ry for the total energy and to 10 −4 Ry/Bo (1 Bohr = 0.529Å) for the forces on atoms. Elastic stresses and interatomic forces were relaxed using the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm. The AlN unit cell of the wurtzite crystal structure which is characterized by the hexagonal lattice parameters a lat and c lat and one internal structure parameter u. The latter determines the relative shift of the N sublattice with respect to the Al sublattice. Right: Top view on the 36-atoms supercell illustrating the two shifted hexagonal lattices of the wurtzite structure and the positions of the 18 metal atoms.
III. STRUCTURE OF (AL,SC)N
This section introduces our representation of disordered model structures for (Al,Sc)N. The energy criterion guiding the choice of model structures is presented in Sec. III A and the evaluation of lattice parameters in Sec. III B. An explanation of the origin of the observed highly anisotropic change of lattice parameters in terms of bond lengths and bond angles is given in Sec. III C.
A. Low-energy supercell realizations of (Al,Sc)N In this work we consider supercell models which contain 36 atoms and are built from 3x3x1 AlN wurtzite unit cells with individual Al atoms being substituted by Sc atoms, c.f. Fig. 1 . The choice of the representative set of disorder configurations is guided by comparing the DFT total energies of the various possible atomic configurations at fixed Al:Sc ratio for this supercell size. These total energies are the ground-state energies of the structurally optimized supercell models which are obtained by relaxation of the atom positions and the cell shape (i.e. lattice parameter a lat and c lat ) to zero elastic stress and zero atomic forces. In other words, the lattice constants and atomic coordinates are determined such that the total energy is minimal for the given distribution of Al and Sc atoms on the metal sublattice in the supercell.
We have screened the ground-state energy (total energy) for all the Al 18−n Sc n N 18 supercells, which are combinatorically possible. Symmetry inequivalent structures were generated using the software package SOD. 22 While this results in only a small number of structures for small numbers n of Sc atoms in the 36 atom supercell, namely 1, 5 and 14 inequivalent structures for n = 1, 2, and 3, respectively, this number grows considerably at higher Sc content. For n = 4, 5, 6, 7 and 8 there are 46, 99, 219, 336 and 475 structures and for a Sc content of 50% the wurtzite structure has 504 inequivalent possibilities of how to distribute the 9 Sc atoms on the 18 metal sublattice sites.
The upper panel of Fig. 2 displays the computed formation enthalpy H f for all 36-atoms supercell realizations as function of the Sc content x = n/18. Here, H f is defined with respect to the two binary nitride phases, namely wurtzite AlN and cubic rocksalt-type ScN, and is computed as weighted difference in total energies. Wurtzite (Al,Sc)N is known to be thermodynamically metastable (i.e. H f > 0) and can only be stabilized experimentally as thin films. Other numerical data taken from literature 14, 15 are shown for comparison. Note that the respective authors have used 128-atoms SQS supercells with one specifically selected distribution of Sc atoms for each considered value of Sc content.
The lower panel of Fig. 2 shows a close-up on the low-energy range and plots the relative formation energy ∆H f , which is the energy difference in formation energy with respect to the lowest energy structure at each given x. For (i) the further analysis of the structural parameters, (ii) the evaluation of elastic and piezoelectric tensors, and (iii) the extraction of their functional dependence on x, we have selected a set of lowest-energy structures for each Al:Sc ratio considered. These structures are marked by red symbols in Fig. 2 . Naturally, for n = 0 and n = 1 there is only one model structure each and for n = 2 we have taken all 5 available structures. For n = 3, 4, 5, 6, and 7 we have chosen the 6 lowest-energy structures, each. As the energetical separation between the individual structures becomes very small at large Sc content we have selected 11 and 15 sample structures for n = 8 and 9, respectively. B. Results: Structural parameters of (Al,Sc)N Our results for the optimized lattice parameters a lat and c lat are shown in Fig. 3 (see Fig. 1 for the definition of these quantities). They are found to be in very good agreement with the data from Refs. [14, 15] and indicate that our combinatorial supercell approach yields equivalent results to theirs obtained with the much larger 128-atoms cells. Naturally, the N = 36 supercells show a dependency on the specific distribution of Sc atoms in the cell, which becomes more pronounced at larger x. The authors of Refs. [14, 15] each have used one specifically selected 128-atoms supercell obtained via the SQSapproach for each Sc-concentration x, at the expense of using a relatively low plane-waves energy cut-off and kpoints density. It is interesting to note that, although the SQS are designed to distribute the Sc atoms in an uncorrelated manner as well as possible, the results of Refs. [14, 15] obtained with two distinct disorder representations differ noticeably and in a similar range as our data.
In order to extract the functional dependence of the calculated structural parameters on the Sc content we have fitted a quadratic function to our selected set of data points. Therefore we have first averaged the datapoints separately for each x value (c.f. black filled circles in Fig. 3 ) and then applied a least-squares fitting procedure where the value of the quadratic fitting function at x = 0 was kept fixed to the respective data point.
The results for the variation in lattice parameters with Sc content x are
The corresponding quadratic fit of the respective cell volume data yields the mass density
The evolution of the lattice parameters with increasing Sc content is found to be highly anisotropic in agreement with experimental results. 5 The lattice parameter a lat grows essentially linearly following Vegard's rule a lat (x) ∼ (1 − x)a AlN + x a ScN where a AlN and a ScN are the equilibrium lattice parameters of wurtzite AlN and hexagonal ScN. Note that the latter structure corresponds to wurtzite with the internal parameter set to u = 0.5 and is a hypothetical crystal structure for ScN. 13, 23 The equilibrium crystal structure of ScN is cubic rocksalt. However, the Sc-N bond length in hexagonal ScN is very close to the one of cubic rocksalt ScN. In contrast, the lattice parameter c lat changes on a much smaller scale and remains almost constant for a wide range of Sc content. This behavior is very different from the other mixed wurtzite nitrides like (Al,Ga)N or (Al,In)N (see e.g. Ref. 24 and Refs. therein) and has so far not yet been fully explained. Our set of model structures however allows to clarify the origin of the anisotropic dependence on the Sc content as discussed in the following section.
C. Microscopic origin of anisotropic change of lattice parameters
The almost perfect tetrahedra AlN 4 of nearestneighbor atoms in bulk wurtzite AlN are characterized by two bond lengths ℓ c and ℓ ab for the Al-N bond parallel to the lattice vector c (z axis) and the 3 bonds forming the basal plane (xy plane) of the tetrahedra, respectively. Moreover, there is one characteristic angle α between these two types of bonds, or alternatively, the angle β between each of the two basal plane bonds may be chosen. There is a direct correspondence 25 of these parameters with the lattice parameters a lat and c lat and the internal parameter u of the wurtzite structure. The respective values are summarized in Tab. I. The situation is more complicated in (Al,Sc)N where the MN 4 tetrahedra (we use the notation M for a metal atom) in general have a broken symmetry which results in many more parameters that are needed for their characterization, see Fig. 4 . All four tetrahedral M-N bonds can have different lengths. With ℓ c we refer to the bond length of the M-N bond which is oriented roughly in c direction but may have a small tilting angle γ with respect to the z axis. The M-N bonds involving the three N atoms in the basal plane in general have three different lengths ℓ ab,i (i=1,2,3) and three different angles δ i measuring the tilt with respect to the xy plane. The three bond angles α i differ as well, the same applies to the three β i . We have conducted a statistical analysis in order to derive a correspondence between the lattice parameters and these bond lengths and bond angles that in general vary for all considered atomic bonds. Therefore we have averaged each of the parameters ℓ ab , ℓ c , α, β, γ and δ over all the Al-N and Sc-N bonds in all the structurally relaxed supercells of our dataset at each given Sc content.
Sc content [%]
Sc For the bond angles, the situation is differ-ent. While α Sc is a few degrees smaller than α Al , both decrease monotonously and with a similar slope as function of the Sc content. The disorder and symmetry breaking introduced by the Sc atoms leads to a tilting of the MN 4 tetrahedra as reflected in the increase of γ for both M=Al and Sc. Here the latter is less affected than the former. The observed decrease in δ is directly connected with the decrease in α . Since γ is small, the relation δ ≃ α − 90 • holds to a large extent.
The lattice parameter a lat can be obtained by averaging over the projection of the M-N bonds onto the xy plane
The averaged projection P xy ℓ ab grows even faster than the average ℓ ab with increasing Sc content because α is decreasing. Both effects add up and give the observed almost linear dependence of a lat on x. By contrast, the averaged projection onto the z axis P z ℓ ab decreases for the same reason and largely compensates the increase of ℓ c with increasing Sc content. This in combination leads to the observed dependence of lattice parameter c lat on x since
For small values of γ equation (5) can be well approximated by setting sin δ ≃ − cos α and cos γ ≃ 1.
IV. ELASTIC TENSOR
This section introduces our method of evaluating the elastic tensor as function of Sc content x in Sec. IV A, and the respective results are presented in Sec. IV B. The observed behavior can be well correlated with the change in the interatomic bonds due to an applied strain as shown and discussed in Sec. IV C.
A. Evaluation of tensor components Cµν
The tensor of elastic constants is of rank 4, which implies tensor components C ijkl with four cartesian indices. Due to symmetry, it is convenient to use the Voigt notation in order to write the tensor components in matrix form with elements C µν (and with C µν = C νµ ). Here and in the following we use Greek letters for tensor indices in Voigt notation and Latin letters for the cartesian indices. The matrix representing the elastic tensor has five independent non-zero components for the hexagonal symmetry of the wurtzite crystal. These are C 11 , C 12 , C 13 , C 33 , and C 44 . By symmetry C 22 = C 11 , C 23 = C 13 , C 55 = C 44 , and C 66 = (C 11 − C 12 )/2.
The random distribution of Sc atoms on the metal sublattice a priori breaks the hexagonal symmetry for the considered (Al,Sc)N supercell, so that a calculation will yield the full set of 21 non-vanishing independent components C µν . In order to restore the hexagonal symmetry of the elastic tensor as it is observed experimentally for (Al,Sc)N films on the macroscopic level, we make use of the appropriate point group symmetry C 6v (6mm). This group comprises 12 symmetry elements, namely five rotation angles (60 • , 120 • , 180 • , 240 • , 300 • ), six mirror planes and the identity. The transformation of the elastic tensor (tensor of rank 4) under a symmetry operation R(α) with corresponding transformation matrices R (α) ij is given by
The symmetrized tensor is obtained as an average with respect to the 12 symmetry elements of the point group symmetry C 6v ,
ijkl .
We have evaluated the elastic tensor from firstprinciples stress calculations for all of the selected 36atoms sample structures using the ElaStic package. 27 Depending on the space group of the crystal, a set of deformation matrices is selected. Stress calculations are carried out for all deformed structures and the computed stresses are fitted as polynomial functions of the applied strains in order to extract the derivatives at zero strain. The knowledge of these derivatives allows for the determination of all independent components of the elastic tensor. In this context, the accuracy of the elastic constants critically depends on the polynomial fit, namely the order of the polynomial used and the range of deformations considered. The ElaStic tool allows for a systematic study of the influence of these fitting parameters on the numerical derivatives in order to obtain the most reliable results. We have used third order polynomials and the strain interval [-0.004, 0.004] with 17 equally spaced data points for each deformation.
B. Results: Elastic tensor of (Al,Sc)N
The results for the symmetrized elastic tensor are compiled in Fig. 6 , where they are also compared to other DFT results from literature. 15, 16, 26 The elastic tensor components vary for the individual structure models at a given Sc content x. However, their averaged values (black circles in Fig. 6 ) change monotonously as function of x. As for the lattice parameters we have fitted a quadratic function to these data with the constraint that the function at x = 0 has the value of the AlN parameter. The results of the fit (solid red lines in Fig. 6 ) are given by The quadratic fitting works very well for all five tensor components. Note however, that there is a small modulation in the C 12 data around the fitted, almost linear curve which cannot be captured by the quadratic fitting ansatz. Our results agree qualitatively with the values obtained by the other theory groups except from C 12 for which we predict a considerably stronger increase with increasing Sc content. Blue diamond symbols in Fig. 6 mark the arithmetic mean of the tensor components of pure wurtzite AlN and hexagonal ScN (cf. Tab. II) at x=50%. The comparison of these estimates with our data allows to distinguish two cases. On the one hand, the change of the elastic tensor components C 11 and C 12 with increasing Sc content can be fairly well approximated by the interpolation between the two pure phases. On the other hand, this does not hold for C 13 , C 33 , and C 44 .
Although C 33 has roughly the same value for the pure components (cf. Tab. II) there is a considerable softening for the mixed crystal. The behavior of C 13 as well cannot be inferred from an interpolation between the pure phases which would predict a decrease with growing Sc content instead of the observed increase. Finally, C 44 is also found to soften; it starts to increase at a large Sc content of ≃ 50% which is directly correlated with the significant nonlinear variation of the lattice parameter c lat in this range.
C. Microscopic origin of C33 softening
The elastic constants of other mixed wurtzite-type nitrides, namely (Al,Ga)N, (Al,In)N, or (In,Ga)N, are found to depend linearly on composition. 28 Deviations from this Vegard's rule behavior are small and typically of the order of a few percent only. By contrast, (Al,Sc)N apparently does not follow this trend. The qualitative different dependencies on composition of the C µν of (Al,Sc)N can be seen as analogous to those of the lattice parameters a lat and c lat on the Al/Sc ratio. Therefore, we correlate the dependence of the elastic tensor components on the Al/Sc-ratio with the microscopic atomic structure. We have analyzed the distribution of bond lengths and angles for our supercell models when a strain is applied either in z direction (ε ) or in a direction within the xy plane (ε ⊥ ). For this comparison we have chosen an uniaxial strain of ε = 0.004 which is the maximum applied strain in our calculation of elastic tensors. Hence we have strained the crystal in the respective di- rection accordingly while keeping the dimensions in the other two directions fixed at their equilibrium values. For the case of an applied strain perpendicular to the z direction we have considered both the x and y directions. Their averages will be discussed in the following. This procedure corresponds once more to averaging over the symmetry equivalent supercell realizations.
The results for the change in the average bond lengths ℓ ab and ℓ c and bond angle α due to an applied strain perpendicular to the z direction are visualized in Fig. 8 . All quantities are apparently proportional to the Sc content within a wide range of x. Moreover, the average elongation ℓ c of the bonds in z direction and the decrease in bond angle α are nearly independent of the Sc content for both, Al-N and Sc-N bonds. As the Al-N bonds are stiffer than the Sc-N bonds, the admixture of Sc leads to the observed softening of C 11 and C 12 which roughly follows the linear interpolation between the two binary compounds. The nonlinearity in both tensor components can be traced back to the response of ℓ ab (Fig.  8, middle panel) . The three bonds forming the basal plane of the MN 4 tetrahedra are forced to take up more of the applied strain the more the bond angle α decreases with increasing Sc content.
The situation is qualitatively different for an applied strain in z direction as visualized in Fig. 9 . Here, the interplay of changing Al-N and Sc-N bond lengths and bond angles leads to an overall decreasing strain on the bonds in z direction, which is reflected in a decrease of ℓ c as function of x. Opposed to that, the response of ℓ ab is almost independent of x when averaged over all metal atoms. The strong decrease of ∆ ℓ c M with x is directly related to the observed softening of C 33 and is accomplished by a considerable change in the average bonding angle α M . In other words, most of the applied strain in z direction is reflected in the increase of the projection of the basal plane bonds onto the z axis,
This length measures the average distance between the M-and N-planes.
V. PIEZOELECTRIC TENSOR
In the following, we describe the method to compute the x-dependent piezoelectric tensor in Sec. V A. Results are presented in Sec. V B. They are analyzed and traced back to their microscopic origin in Secs. V C and V D.
A. Evaluation of tensor components eiµ
The piezoelectric tensor is of rank 3 with tensor components e ijk . Frequently the second and third cartesian indices are merged into one index in the Voigt notation so that the tensor components can be written in matrix form with elements e iµ . Given the hexagonal symmetry of the wurtzite structure, this matrix has three independent non-zero coefficients. These are e 15 , e 31 , and e 33 ; by symmetry e 32 = e 31 and e 25 = e 15 . The random distribution of Sc atoms on the metal sublattice breaks the symmetry for the considered (Al,Sc)N supercell, so that there will be the full set of 18 independent components. Corresponding to our workflow for the calculation of elastic constants, we make use of the point group symmetry C 6v (6mm) in order to restore the hexagonal symmetry of the piezoelectric tensor as it is observed experimentally on the macroscopic level. The symmetry averaged tensor components are obtained from e (sym.) ijk
with e (α)
using the 12 symmetry elements R (α) of point group C 6v with corresponding transformation matrices R
ij . For the determination of the piezoelectric tensors we have adapted and extended the workflow as implemented in the ElaStic tool. Following the modern theory of polarization 29, 30 the piezoelectric response is related to the dependence of the Berry phase φ on the elastic strain,
Here, ε jk is a strain tensor component, r α,i the i-th component of one of the three (primitive) lattice vectors r α , Ω = r 1 · ( r 2 × r 3 ) is the unit-cell volume, and e is the electron charge. The Berry phase is computed for the three primitive reciprocal lattice vectors g α (corresponding to the real-space lattice vectors r α ),
Here Ω BZ is the volume of the first Brillouin zone and the u n k are the Bloch states. The sum includes all occupied bands. We use the same set of deformation matrices and strained deformed structure models as in Sec. IV for the analysis of elasticity. Calculations of the Berry phase are carried out using the implementation in QE for each deformed structure. We have used 5, 5, and 11 discrete k-points for the integration along the three reciprocal lattice directions. Subsequently, the data are fitted as third order polynomial functions of the applied strains in order to extract the derivatives at zero strain. The knowledge of these derivatives allows for the determination of all independent components of the piezoelectric tensor.
The piezoelectric tensor coefficients are commonly discussed by dividing them into two parts. 31 (i) The first part captures the change in polarisation due to a straining of the lattice. This so-called clamped-ion term represents the effect of external macroscopic strain on the electronic structure. It is computed without a relaxation of interatomic forces in the strained structure models. (ii) The second part to the piezoelectric tensor coefficients then reflects the presence of internal strain. It explicitly involves the piezoelectric response with respect to the change in internal structure parameters by displacements of atoms induced by the strain. B. Results: Piezoelectric tensor of (Al,Sc)N We have evaluated the full set of tensor components for the subset of low-energy sample structures. The results for the symmetrized piezoelectric tensor are presented in Fig. 10 , and compared there to other DFT results from literature. 16 The individual structure models yield varying tensor components, similar to what was observed for the elastic tensor in Sec. IV B. Nevertheless, the averaged values at each given Sc content (black circles in Fig. 10 ) change monotonously as function of x. We have fitted a quadratic function to the data thereby constraining the All three components vary significantly as function of x. While e 15 decreases by ∼ 57% in magnitude when x is increased from 0 up to 50%, e 31 increases by ∼ 40% in the same x range. Most notably e 33 increases by ∼ 150% when comparing (Al,Sc)N with 50% Sc to pure AlN.
For the further analysis we single out the clampedion terms e Fig. 11 . They do not contribute strongly to the large variations of the full piezoelectric coefficients as can be seen by direct comparison with Fig. 10 .
C. Microscopic origin of significant non-linear increase in e33
As described in the previous sections, the set of supercell models of our study maps to a wurtzite crystal if the results are statistically averaged according to the hexagonal C 6v point group symmetry. Therefore it is possible to define an averaged u parameter as
where P z ℓ ab and P z ℓ c are the averaged projections onto the z axis of the ℓ ab and ℓ c bonds, respectively (cf. Figs. 1 and 4) . The dependence of u on the Sc content is shown in the left panel of Fig. 12 . This reflects the x dependence of the piezoelectric coefficient e 33 and an almost linear relation between e 33 and u is found. However, we need to consider the response of u with respect to strain in order to establish a more satisfactory correlation with the microscopic parameters which captures both, the variations in e 33 and e 31 .
The piezoelectric tensor coefficient e 33 of wurtzite crystals is commonly discussed by dividing it into the following two parts, 31
Here Z * is the dynamical Born charge in units of the electronic charge e and ε is the applied strain in z direction. The clamped-ion term e (0) 33 = c lat ∂P z /∂c lat captures the change in polarisation P z in z direction due to a macroscopic strain on the lattice. The second term in Eq. (22) reflects the presence of internal strain and explicitly involves the derivative of the internal wurtzite structure parameter u with respect to strain. The Born dynamical charge itself is defined via the partial derivative of the piezoelectric polarisation with respect to u, 31
Note than an equation analogous to (22) holds for e 31 which then involves the derivative of u with respect to a strain ε ⊥ applied in the xy plane. We postulate that Eq. (22) also holds for the case of disordered (Al,Sc)N when the internal parameter u of the wurtzite crystal is replaced by the average u , Eq. (21) . When the derivative in the second term is replaced by a finite difference and we make use of Eq. (23), we obtain
e 33 (x) = e (0)
Here ∆ u is the change in the average u when a uniaxial strain ε or ε ⊥ is applied. The quantity ∆ u at a strain of ±0.004 is plotted for the four different cases in the right panel of Fig. 12 . A positive strain in z direction (+ε ) leads to a decrease of u while a positive strain applied in the xy plane (+ε ⊥ ) yields an increase of the latter. This behavior is reversed for negative strain. The counteracting response and the different magnitude of ∆ u for the two cases ε and ε ⊥ are reflected in the opposite signs of e 33 and e 31 and their magnitudes. Fig. 13 plots the second terms of Eqs. (24) and (25), i.e. the differences e 31 − e (0) 31 and e 33 − e (0) 33 , as function of ∆ u /ε. A linear correlation is demonstrated which holds for both datasets. As a consequence thereof, the derivative ∂P z /∂ u does not vary significantly as function of the Sc content and is constant to leading order.
In summary, the non-linear increase of e 33 has its origin essentially in the internal structural distortions induced by straining the crystal in z-direction. The local structural sensitivity to the applied strain increases when the Sc content is raised, which is reflected in the dependence of u on x. A microscopic reason for this behavior is given in the following section. Hereby we extend and consolidate the seminal analysis of Ref. [13] .
D. Microscopic reason for variation of internal displacement parameter u
There is an important difference between the group-IIIA simple-metal element Al (or Ga and In) and the group IIIB transition-metal element Sc (or Y and La) in their metal-nitride compounds. On the one hand, for Al the chemical nearest-neighbor bonds to 2s and 2p valence-electron orbitals of N atoms are formed by Al 3s and 3p orbitals. This results in the sp 3 hybridization and the tetrahedral coordination [AlN 4 ] in the hexagonal wurtzite structure of AlN. On the other hand, for Sc the bonds to N are formed by Sc 3d and 4s orbitals, which leads to the octahedral coordination [ScN 6 ] in the cubic rocksalt structure of ScN.
Alloying Al and Sc in their nitrides leads to an energetic competition between the sp-sp character of Al-N bonds of tetrahedrally coordinated Al atoms and the sd-sp character of Sc-N bonds of preferential octahedrally coordinated Sc atoms. For (Al,Sc)N alloys with a Sc content < 50% the tetrahedral coordination of the wurtzite structure is energetically favored. As a consequence, the Sc atoms occupy tetrahedral sites instead of their favored octahedral sites in these wurtzite-type alloys. To avoid this site dilemma, Sc atoms are displaced more than Al atoms from the regular tetrahedral positions.
In the wurtzite structure, there are connections from a given tetrahedral site to three neighboring octahedral sites and to another neighboring tetrahedral site through the four triangular faces of the tetrahedron. An isolated single Sc atom at a tetrahedral site of the hexagonal N sublattice would be accommodated by a displacement to one of the three neighboring octahedral sites. But shifting a Sc atom in the (Al,Sc)N nitride with fully occupied nitrogen and metal sublattices to a neighboring octahedral site would lead to a strong repulsion by metal atoms on next neighbor tetrahedral sites. This leaves only one possible way of achieving a better accommodation for a Sc atom: it is displaced along the hexagonal c axis towards the next empty tetrahedral site. However, the displaced Sc atom cannot reach this tetrahedral site, again because of a strong repulsion by next neighbor metal atoms. Therefore, there is a balance of bonds and forces for Sc atoms close to the triangular N face between two connected tetrahedral sites. This approximately triangular Sc coordination has an internal displacement parameter value of u ≈ 1/2 instead of u ≈ 3/8 for the tetrahedral Al coordination.
In response to such local displacements of the Sc atoms the Al atoms get displaced as well in the relaxed randomalloy structure, but to a lesser extent. Altogether, a compromise between chemical Sc[sd]-N[sp] and Al[sp]-N[sp] bonds is a reason for the gradual raise of u between the two limiting values of u with increasing Sc content (see left panel of Fig. 12 ). Note that in the case of hexagonal ScN, there is no competing energy term that arises from deformed Al[sp]-N[sp] bonds and the Sc atoms are allowed to relax to the trigonal bipyramidal site with u = 0.5 and triangular coordination in the xy plane.
VI. SUMMARY
We have investigated the electroacoustic properties of (Al,Sc)N crystals with the metastable wurtzite structure. A combinatorial approach was chosen and a large variety of structure models with varying Sc content was analyzed. Thereby we sampled the different local atomic configurations of metal-sublattice disorder. For the chosen set of model structures (63 in total) we have evaluated the equilibrium lattice parameters and atomic positions, as well as the full elastic and piezoelectric tensors. The functional dependence of these properties on the Al:Sc ratio was obtained by an averaging and fitting procedure. Thereby we obtained a consistent set of material parameters for (Al,Sc)N extracted from a large data basis over the full range of experimentally accessible Sc content 0 ≤ x ≤ 50% .
Moreover, a statistical analysis of the microscopic structural parameters -bond lengths and bond angles -was conducted. The response of these parameters to an applied uniaxial strain was compared to their equilibrium averages. All structure models were strained parallel and perpendicular to the z axis. This analysis relates the observed variation in elastic and piezoelectric tensor components as function of Sc content to the change in the averaged values of specific geometrical quantities.
The anisotropic evolution of the lattice parameters a lat and c lat with increasing Sc content is a consequence of an interplay of increasing average bond lengths and decreasing average bond angle α .
The elastic softening in z direction (C 33 ) is related to the disorder in local atomic configurations induced by the presence of the Sc atoms. Therefore, an applied strain ε is distributed over several of the microscopic degrees of freedom which, on average, leads to a reduced stretching of the bond lengths ℓ c . The extraordinary non-linear increase in piezoelectric tensor component (e 33 ) has its origin in the increased sensitivity of the averaged parameter u to strain, the more Sc is added to the (Al,Sc)N crystal. Although u itself increases towards the value 0.5 of nonpolar hexagonal ScN, its response to strain largely increases as function of x.
All of the above mentioned effects follow from the (energetic) competition between Al atoms that favor the tetrahedral coordination by N atoms in the wurtzite structure, and the Sc atoms that would prefer octahe-dral coordination and need to accommodate themselves as well as possible. The incorporation of Sc on the metal sublattice leads to the observed statistical distribution of bond lengths and bond angles that break the rigid wurtzite crystal symmetry on the microscopic level. This in turn adds flexibility to the atomic structure of (Al,Sc)N on how to respond to strain which finally determines the outstanding elastic and piezoelectric properties.
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